
NP Completeness

Richard Kelley

Spring 2026

1 Reductions

We want to formalize the statement:

Problem X is “at least as hard as” problem Y .

One way to do this is via reduction:

If we can solve X, then we can use that to solve Y .

(This assumes we can somehow convert between disparate problems, which happily turns out
to be the case.)

Suppose we have a “black box” that can solve an instance of X in one step. Then we ask

Can arbitrary instances of Y be solved using a polynomial number of “standard” steps
plus a polynomial number of calls to the black box that solves X?

If yes:

Definition 1. Y ≤P X. We read this as “Y is polynomial-time reducible to X” or “X is at least
as hard as Y with respect to polynomial time.”

This is a bit like having a “co-processor” for problem X (like a GPU).
Recall our definition that P is the set of problems X for which there exists an algorithm A with

polynomial running time that solves instances of X.

Theorem 1. Suppose Y ≤P X. If X ∈ P then Y ∈ P .

Proof. If X ∈ P we have an algorithm to solve instance of X in polynomial time. Because Y ≤P X,
we have in the definition of ≤P replace calls to the black box with the algorithm that solves X.
Then we can solve Y with a polynomial number of standard steps plus a polynomial number of
calls to a polynomial-time algorithm, so Y ∈ P .

This is logically equivalent to:

Theorem 2. Suppose Y ≤P X. If Y ̸∈ P then X ̸∈ P .
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In other words, if we know that Y is “hard” and that Y ≤P X, then we know that X must be
“hard” as well. Otherwise we could use X to easily solve Y .

We can use this to establish relationships of relative difficulty even if we don’t know that either
X or Y is actually “hard.”

We also have this nice property:

Theorem 3. If Z ≤P Y and Y ≤P X, then Z ≤P X.

Proof. Each of Z ≤P Y and Y ≤P X implies the existance of an algorithm for the reduction. Run
the algorithm for Z. In each point of calling to the black box for Y , instead use the method that
solve Y by solving X. This solves Z using a polynomial number of steps plus a polynomial number
of calls to a black box that solves instance of X, so Z ≤P X.

2 The Class NP

In contrast to the definition of P , our formal definition of NP is a bit more involved:

Definition 2. An algorithm B is an efficient certifier for problem X if

1. B is a polynomial-time algorithm of two inputs s and t.

2. There exists a polynomial p such that for every string s, s ∈ X if and only iff there is a string
t such that |t| ≤ p(|s|) and B(s, t) = yes.

It helps to think of t as a “certificate” proving that s ∈ X. For standard NP-completeness, this
is always a “candidate” solution.

Then we define

Definition 3. NP is the set of all problems that have an efficient certifier.

We can immediately establish part of the relationship between P and NP :

Theorem 4. P ⊆ NP .

Proof. Let X ∈ P . Then there is an algorithm A that solves X in polynomial time. Our goal is to
find an efficient certifier B for X. Given pair of strings (s, t), have B return A(s). This

1. Has polynomial running time.

2. Has ∀s ∈ X and all t such that |t| ≤ p(|s|), B(s, t) = yes, and ∀s ̸∈ X and all t with
|t| ≤ p(|s|), B(s, t) = no.

These establish that X ∈ NP , so P ⊆ NP .

The other direction of inclusion is famously open: Is NP ⊆ P? The general belief is that the
answer is no: there must be some problem X ∈ NP with X ̸ inP . This matches our intuition that
finding solutions to problems seems harder than checking candidate solutions. There has also been
enormous effort to find efficient (polynomial-time) algorithms for problems in NP . All such efforts
have failed.
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3 NP-Completeness

Within NP is another class that seems like it may help us to resolve the relationship between P
and NP :

Definition 4. A problem X is NP-complete if

1. X ∈ NP , and

2. ∀Y ∈ NP , Y ≤P X.

This gives us a direct line to potentially solving P vs NP :

Theorem 5. Suppose that X is NP-complete. Then X is solvable in polynomial time if and only
if P = NP .

Proof. Suppose P = NP . Then since X ∈ NP = P , X can be solved in polynomial time. On
the other hand, if X can be solved in polynomial time, let Y be any other problem in NP . Then
Y ≤p X. This means that Y can be solved in polynomial time. So NP ⊆ P , and thus P = NP .

Moreover, once we know that a particular problem Y is NP-complete, that property extends to
every problem we can reduce Y to:

Theorem 6. If Y is NP-complete, and X ∈ NP with Y ≤P X, then X is NP-complete.

Proof. X ∈ NP by assumption. Let Z ∈ NP . Then since Y is NP-complete we have Z ≤P Y . By
assumption Y ≤P X. So by transitivity Z ≤P X. So X is NP-complete.

So if you want to show that your problem X is NP-complete, you just have to find some known
NP-complete problem Y and reduce that to your X.

This seems useful, but we still have to answer the question: do NP-complete problems even
exist? It’s not obvious that they do, and it seems like there are several ways they might not:

• There may be problems X ′ and X ′′ that are incomparable: Neither X ′ ≤P X ′′ nor X ′′ ≤P X ′

is true.

• There may be some infinite sequence of problems X1, X2, . . . such that

X1 ≤P X2 ≤P X3 ≤P · · · .

We have to find a first NP-complete problem.

4 The Cook-Levin Theorem

Recall the operators ∧ (and), ∨ (or), and ¬ (not).

Definition 5. A circuit K is a labeled directed acyclic graph with the following properties:

• The sources in K are labeled with 0, 1, or the name of a variable. The variables are the inputs
to the circuit.

3



• Every other node is labeled with ∧, ∨ or ¬.

– Nodes labeled with ∧ and ∨ have 2 incoming edges.

– Nodes labeled with ¬ have 1 incoming edge.

• There is a single node with no outgoing edges, representing the output of K.

An example:

<latexit sha1_base64="SoGVjF9svs0qUZv7CZA8mPLTXgk=">AAAB73icbZC7TsMwFIadcivlVi4bi0WLxFQlDIWNSgwwFolepDaqHOekteo4wXZAJepLsDCAECsLE0/Cxsib4F4GaPklS5/+/xz5nOPFnClt219WZmFxaXklu5pbW9/Y3Mpv79RVlEgKNRrxSDY9ooAzATXNNIdmLIGEHoeG1z8f5Y1bkIpF4loPYnBD0hUsYJRoYzWL7Tvwu1Ds5At2yR4Lz4MzhcLZx/33xfteWu3kP9t+RJMQhKacKNVy7Fi7KZGaUQ7DXDtREBPaJ11oGRQkBOWm43mH+NA4Pg4iaZ7QeOz+7khJqNQg9ExlSHRPzWYj87+slejg1E2ZiBMNgk4+ChKOdYRHy2OfSaCaDwwQKpmZFdMekYRqc6KcOYIzu/I81I9LTrlUvnIKFRtNlEX76AAdIQedoAq6RFVUQxRx9ICe0LN1Yz1aL9brpDRjTXt20R9Zbz9xjZNC</latexit>→<latexit sha1_base64="SoGVjF9svs0qUZv7CZA8mPLTXgk=">AAAB73icbZC7TsMwFIadcivlVi4bi0WLxFQlDIWNSgwwFolepDaqHOekteo4wXZAJepLsDCAECsLE0/Cxsib4F4GaPklS5/+/xz5nOPFnClt219WZmFxaXklu5pbW9/Y3Mpv79RVlEgKNRrxSDY9ooAzATXNNIdmLIGEHoeG1z8f5Y1bkIpF4loPYnBD0hUsYJRoYzWL7Tvwu1Ds5At2yR4Lz4MzhcLZx/33xfteWu3kP9t+RJMQhKacKNVy7Fi7KZGaUQ7DXDtREBPaJ11oGRQkBOWm43mH+NA4Pg4iaZ7QeOz+7khJqNQg9ExlSHRPzWYj87+slejg1E2ZiBMNgk4+ChKOdYRHy2OfSaCaDwwQKpmZFdMekYRqc6KcOYIzu/I81I9LTrlUvnIKFRtNlEX76AAdIQedoAq6RFVUQxRx9ICe0LN1Yz1aL9brpDRjTXt20R9Zbz9xjZNC</latexit>→

<latexit sha1_base64="WfzhQYFOzpB5JLekQjVadjC4uMY=">AAAB7XicbZC5TgMxEIa94QrhCkdHY5EgUUW7FIGOSBRQBokcUrKKvM5sYuK1V7YXKazyDjQUIERLR8WT0FHyJjhHAYFfsvTp/2fkmQlizrRx3U8ns7C4tLySXc2trW9sbuW3d+paJopCjUouVTMgGjgTUDPMcGjGCkgUcGgEg/Nx3rgFpZkU12YYgx+RnmAho8RYq15sC+gVO/mCW3Inwn/Bm0Hh7P3u6+JtL6128h/trqRJBMJQTrRueW5s/JQowyiHUa6daIgJHZAetCwKEoH208m0I3xonS4OpbJPGDxxf3akJNJ6GAW2MiKmr+ezsflf1kpMeOqnTMSJAUGnH4UJx0bi8eq4yxRQw4cWCFXMzoppnyhCjT1Qzh7Bm1/5L9SPS165VL7yChUXTZVF++gAHSEPnaAKukRVVEMU3aB79IieHOk8OM/Oy7Q048x6dtEvOa/f5H6SXA==</latexit>¬<latexit sha1_base64="WfzhQYFOzpB5JLekQjVadjC4uMY=">AAAB7XicbZC5TgMxEIa94QrhCkdHY5EgUUW7FIGOSBRQBokcUrKKvM5sYuK1V7YXKazyDjQUIERLR8WT0FHyJjhHAYFfsvTp/2fkmQlizrRx3U8ns7C4tLySXc2trW9sbuW3d+paJopCjUouVTMgGjgTUDPMcGjGCkgUcGgEg/Nx3rgFpZkU12YYgx+RnmAho8RYq15sC+gVO/mCW3Inwn/Bm0Hh7P3u6+JtL6128h/trqRJBMJQTrRueW5s/JQowyiHUa6daIgJHZAetCwKEoH208m0I3xonS4OpbJPGDxxf3akJNJ6GAW2MiKmr+ezsflf1kpMeOqnTMSJAUGnH4UJx0bi8eq4yxRQw4cWCFXMzoppnyhCjT1Qzh7Bm1/5L9SPS165VL7yChUXTZVF++gAHSEPnaAKukRVVEMU3aB79IieHOk8OM/Oy7Q048x6dtEvOa/f5H6SXA==</latexit>¬ <latexit sha1_base64="SoGVjF9svs0qUZv7CZA8mPLTXgk=">AAAB73icbZC7TsMwFIadcivlVi4bi0WLxFQlDIWNSgwwFolepDaqHOekteo4wXZAJepLsDCAECsLE0/Cxsib4F4GaPklS5/+/xz5nOPFnClt219WZmFxaXklu5pbW9/Y3Mpv79RVlEgKNRrxSDY9ooAzATXNNIdmLIGEHoeG1z8f5Y1bkIpF4loPYnBD0hUsYJRoYzWL7Tvwu1Ds5At2yR4Lz4MzhcLZx/33xfteWu3kP9t+RJMQhKacKNVy7Fi7KZGaUQ7DXDtREBPaJ11oGRQkBOWm43mH+NA4Pg4iaZ7QeOz+7khJqNQg9ExlSHRPzWYj87+slejg1E2ZiBMNgk4+ChKOdYRHy2OfSaCaDwwQKpmZFdMekYRqc6KcOYIzu/I81I9LTrlUvnIKFRtNlEX76AAdIQedoAq6RFVUQxRx9ICe0LN1Yz1aL9brpDRjTXt20R9Zbz9xjZNC</latexit>→<latexit sha1_base64="SoGVjF9svs0qUZv7CZA8mPLTXgk=">AAAB73icbZC7TsMwFIadcivlVi4bi0WLxFQlDIWNSgwwFolepDaqHOekteo4wXZAJepLsDCAECsLE0/Cxsib4F4GaPklS5/+/xz5nOPFnClt219WZmFxaXklu5pbW9/Y3Mpv79RVlEgKNRrxSDY9ooAzATXNNIdmLIGEHoeG1z8f5Y1bkIpF4loPYnBD0hUsYJRoYzWL7Tvwu1Ds5At2yR4Lz4MzhcLZx/33xfteWu3kP9t+RJMQhKacKNVy7Fi7KZGaUQ7DXDtREBPaJ11oGRQkBOWm43mH+NA4Pg4iaZ7QeOz+7khJqNQg9ExlSHRPzWYj87+slejg1E2ZiBMNgk4+ChKOdYRHy2OfSaCaDwwQKpmZFdMekYRqc6KcOYIzu/I81I9LTrlUvnIKFRtNlEX76AAdIQedoAq6RFVUQxRx9ICe0LN1Yz1aL9brpDRjTXt20R9Zbz9xjZNC</latexit>→

<latexit sha1_base64="SoGVjF9svs0qUZv7CZA8mPLTXgk=">AAAB73icbZC7TsMwFIadcivlVi4bi0WLxFQlDIWNSgwwFolepDaqHOekteo4wXZAJepLsDCAECsLE0/Cxsib4F4GaPklS5/+/xz5nOPFnClt219WZmFxaXklu5pbW9/Y3Mpv79RVlEgKNRrxSDY9ooAzATXNNIdmLIGEHoeG1z8f5Y1bkIpF4loPYnBD0hUsYJRoYzWL7Tvwu1Ds5At2yR4Lz4MzhcLZx/33xfteWu3kP9t+RJMQhKacKNVy7Fi7KZGaUQ7DXDtREBPaJ11oGRQkBOWm43mH+NA4Pg4iaZ7QeOz+7khJqNQg9ExlSHRPzWYj87+slejg1E2ZiBMNgk4+ChKOdYRHy2OfSaCaDwwQKpmZFdMekYRqc6KcOYIzu/I81I9LTrlUvnIKFRtNlEX76AAdIQedoAq6RFVUQxRx9ICe0LN1Yz1aL9brpDRjTXt20R9Zbz9xjZNC</latexit>→<latexit sha1_base64="SoGVjF9svs0qUZv7CZA8mPLTXgk=">AAAB73icbZC7TsMwFIadcivlVi4bi0WLxFQlDIWNSgwwFolepDaqHOekteo4wXZAJepLsDCAECsLE0/Cxsib4F4GaPklS5/+/xz5nOPFnClt219WZmFxaXklu5pbW9/Y3Mpv79RVlEgKNRrxSDY9ooAzATXNNIdmLIGEHoeG1z8f5Y1bkIpF4loPYnBD0hUsYJRoYzWL7Tvwu1Ds5At2yR4Lz4MzhcLZx/33xfteWu3kP9t+RJMQhKacKNVy7Fi7KZGaUQ7DXDtREBPaJ11oGRQkBOWm43mH+NA4Pg4iaZ7QeOz+7khJqNQg9ExlSHRPzWYj87+slejg1E2ZiBMNgk4+ChKOdYRHy2OfSaCaDwwQKpmZFdMekYRqc6KcOYIzu/I81I9LTrlUvnIKFRtNlEX76AAdIQedoAq6RFVUQxRx9ICe0LN1Yz1aL9brpDRjTXt20R9Zbz9xjZNC</latexit>→ <latexit sha1_base64="KZN0ZMU2f99r2gzFeyi8GgYi7tM=">AAAB7XicbZC5TgMxEIa94QrhCkdHY5EgUUW7FIGOSBRQBokcUhJFXmc2MfHaK9sbKazyDjQUIERLR8WT0FHyJjhHAQm/ZOnT/8/IM+NHnGnjul9Oaml5ZXUtvZ7Z2Nza3snu7lW1jBWFCpVcqrpPNHAmoGKY4VCPFJDQ51Dz+5fjvDYApZkUt2YYQSskXcECRomxVjXfHADk29mcW3AnwovgzSB38XH/ffV+kJTb2c9mR9I4BGEoJ1o3PDcyrYQowyiHUaYZa4gI7ZMuNCwKEoJuJZNpR/jYOh0cSGWfMHji/u5ISKj1MPRtZUhMT89nY/O/rBGb4LyVMBHFBgSdfhTEHBuJx6vjDlNADR9aIFQxOyumPaIINfZAGXsEb37lRaieFrxioXjj5UoumiqNDtEROkEeOkMldI3KqIIoukMP6Ak9O9J5dF6c12lpypn17KM/ct5+AO2skmI=</latexit>→<latexit sha1_base64="KZN0ZMU2f99r2gzFeyi8GgYi7tM=">AAAB7XicbZC5TgMxEIa94QrhCkdHY5EgUUW7FIGOSBRQBokcUhJFXmc2MfHaK9sbKazyDjQUIERLR8WT0FHyJjhHAQm/ZOnT/8/IM+NHnGnjul9Oaml5ZXUtvZ7Z2Nza3snu7lW1jBWFCpVcqrpPNHAmoGKY4VCPFJDQ51Dz+5fjvDYApZkUt2YYQSskXcECRomxVjXfHADk29mcW3AnwovgzSB38XH/ffV+kJTb2c9mR9I4BGEoJ1o3PDcyrYQowyiHUaYZa4gI7ZMuNCwKEoJuJZNpR/jYOh0cSGWfMHji/u5ISKj1MPRtZUhMT89nY/O/rBGb4LyVMBHFBgSdfhTEHBuJx6vjDlNADR9aIFQxOyumPaIINfZAGXsEb37lRaieFrxioXjj5UoumiqNDtEROkEeOkMldI3KqIIoukMP6Ak9O9J5dF6c12lpypn17KM/ct5+AO2skmI=</latexit>→ <latexit sha1_base64="KZN0ZMU2f99r2gzFeyi8GgYi7tM=">AAAB7XicbZC5TgMxEIa94QrhCkdHY5EgUUW7FIGOSBRQBokcUhJFXmc2MfHaK9sbKazyDjQUIERLR8WT0FHyJjhHAQm/ZOnT/8/IM+NHnGnjul9Oaml5ZXUtvZ7Z2Nza3snu7lW1jBWFCpVcqrpPNHAmoGKY4VCPFJDQ51Dz+5fjvDYApZkUt2YYQSskXcECRomxVjXfHADk29mcW3AnwovgzSB38XH/ffV+kJTb2c9mR9I4BGEoJ1o3PDcyrYQowyiHUaYZa4gI7ZMuNCwKEoJuJZNpR/jYOh0cSGWfMHji/u5ISKj1MPRtZUhMT89nY/O/rBGb4LyVMBHFBgSdfhTEHBuJx6vjDlNADR9aIFQxOyumPaIINfZAGXsEb37lRaieFrxioXjj5UoumiqNDtEROkEeOkMldI3KqIIoukMP6Ak9O9J5dF6c12lpypn17KM/ct5+AO2skmI=</latexit>→<latexit sha1_base64="KZN0ZMU2f99r2gzFeyi8GgYi7tM=">AAAB7XicbZC5TgMxEIa94QrhCkdHY5EgUUW7FIGOSBRQBokcUhJFXmc2MfHaK9sbKazyDjQUIERLR8WT0FHyJjhHAQm/ZOnT/8/IM+NHnGnjul9Oaml5ZXUtvZ7Z2Nza3snu7lW1jBWFCpVcqrpPNHAmoGKY4VCPFJDQ51Dz+5fjvDYApZkUt2YYQSskXcECRomxVjXfHADk29mcW3AnwovgzSB38XH/ffV+kJTb2c9mR9I4BGEoJ1o3PDcyrYQowyiHUaYZa4gI7ZMuNCwKEoJuJZNpR/jYOh0cSGWfMHji/u5ISKj1MPRtZUhMT89nY/O/rBGb4LyVMBHFBgSdfhTEHBuJx6vjDlNADR9aIFQxOyumPaIINfZAGXsEb37lRaieFrxioXjj5UoumiqNDtEROkEeOkMldI3KqIIoukMP6Ak9O9J5dF6c12lpypn17KM/ct5+AO2skmI=</latexit>→

<latexit sha1_base64="HUXcGSdySmDWz5+EfrEB9zVz3is=">AAAB7HicbZC7SgNBFIbPGi8x3qJiZbOYCFZhN0W0DNhYRnCTQLKE2clJMmR2dpmZFcOSZ7CxUMTW9/AVLAQrH0Unl0ITfxj4+P9zmHNOEHOmtON8WiuZ1bX1jexmbmt7Z3cvv39QV1EiKXo04pFsBkQhZwI9zTTHZiyRhAHHRjC8nOSNW5SKReJGj2L0Q9IXrMco0cbyinedcrGTLzglZyp7Gdw5FKqZj++3oy+sdfLv7W5EkxCFppwo1XKdWPspkZpRjuNcO1EYEzokfWwZFCRE5afTYcf2qXG6di+S5gltT93fHSkJlRqFgakMiR6oxWxi/pe1Et278FMm4kSjoLOPegm3dWRPNre7TCLVfGSAUMnMrDYdEEmoNvfJmSO4iysvQ71cciulyrVbqDowUxaO4QTOwIVzqMIV1MADCgzu4RGeLGE9WM/Wy6x0xZr3HMIfWa8/ZzOSJQ==</latexit>x2
<latexit sha1_base64="HUXcGSdySmDWz5+EfrEB9zVz3is=">AAAB7HicbZC7SgNBFIbPGi8x3qJiZbOYCFZhN0W0DNhYRnCTQLKE2clJMmR2dpmZFcOSZ7CxUMTW9/AVLAQrH0Unl0ITfxj4+P9zmHNOEHOmtON8WiuZ1bX1jexmbmt7Z3cvv39QV1EiKXo04pFsBkQhZwI9zTTHZiyRhAHHRjC8nOSNW5SKReJGj2L0Q9IXrMco0cbyinedcrGTLzglZyp7Gdw5FKqZj++3oy+sdfLv7W5EkxCFppwo1XKdWPspkZpRjuNcO1EYEzokfWwZFCRE5afTYcf2qXG6di+S5gltT93fHSkJlRqFgakMiR6oxWxi/pe1Et278FMm4kSjoLOPegm3dWRPNre7TCLVfGSAUMnMrDYdEEmoNvfJmSO4iysvQ71cciulyrVbqDowUxaO4QTOwIVzqMIV1MADCgzu4RGeLGE9WM/Wy6x0xZr3HMIfWa8/ZzOSJQ==</latexit>x2

<latexit sha1_base64="sv7joduXEkaCxRdln0loju60WsU=">AAAB7HicbZC7SgNBFIbPGi8x3qJiZbOYCFZhVyFaBmwsI7hJIFnC7OQkGTI7u8zMimHJM9hYKGLre/gKFoKVj6KTS6GJPwx8/P85zDkniDlT2nE+raXM8srqWnY9t7G5tb2T392rqSiRFD0a8Ug2AqKQM4GeZppjI5ZIwoBjPRhcjvP6LUrFInGjhzH6IekJ1mWUaGN5xbv2WbGdLzglZyJ7EdwZFCqZj++3gy+stvPvrU5EkxCFppwo1XSdWPspkZpRjqNcK1EYEzogPWwaFCRE5aeTYUf2sXE6djeS5gltT9zfHSkJlRqGgakMie6r+Wxs/pc1E9298FMm4kSjoNOPugm3dWSPN7c7TCLVfGiAUMnMrDbtE0moNvfJmSO48ysvQu205JZL5Wu3UHFgqiwcwhGcgAvnUIErqIIHFBjcwyM8WcJ6sJ6tl2npkjXr2Yc/sl5/AGi4kiY=</latexit>x3
<latexit sha1_base64="sv7joduXEkaCxRdln0loju60WsU=">AAAB7HicbZC7SgNBFIbPGi8x3qJiZbOYCFZhVyFaBmwsI7hJIFnC7OQkGTI7u8zMimHJM9hYKGLre/gKFoKVj6KTS6GJPwx8/P85zDkniDlT2nE+raXM8srqWnY9t7G5tb2T392rqSiRFD0a8Ug2AqKQM4GeZppjI5ZIwoBjPRhcjvP6LUrFInGjhzH6IekJ1mWUaGN5xbv2WbGdLzglZyJ7EdwZFCqZj++3gy+stvPvrU5EkxCFppwo1XSdWPspkZpRjqNcK1EYEzogPWwaFCRE5aeTYUf2sXE6djeS5gltT9zfHSkJlRqGgakMie6r+Wxs/pc1E9298FMm4kSjoNOPugm3dWSPN7c7TCLVfGiAUMnMrDbtE0moNvfJmSO48ysvQu205JZL5Wu3UHFgqiwcwhGcgAvnUIErqIIHFBjcwyM8WcJ6sJ6tl2npkjXr2Yc/sl5/AGi4kiY=</latexit>x31 0 <latexit sha1_base64="7W6IV/i+ffVBUHBnKAERczM7q4w=">AAAB7HicbZC7SgNBFIbPJl5ivEXFymYxEazCrkW0DNhYRnCTQBLC7ORsMmR2dpmZFcOSZ7CxUMTW9/AVLAQrH0Unl0ITfxj4+P9zmHOOH3OmtON8Wpnsyuraem4jv7m1vbNb2NuvqyiRFD0a8Ug2faKQM4GeZppjM5ZIQp9jwx9eTvLGLUrFInGjRzF2QtIXLGCUaGN5pbuuW+oWik7ZmcpeBncOxWr24/vt8Atr3cJ7uxfRJEShKSdKtVwn1p2USM0ox3G+nSiMCR2SPrYMChKi6qTTYcf2iXF6dhBJ84S2p+7vjpSESo1C31SGRA/UYjYx/8taiQ4uOikTcaJR0NlHQcJtHdmTze0ek0g1HxkgVDIzq00HRBKqzX3y5gju4srLUD8ru5Vy5dotVh2YKQdHcAyn4MI5VOEKauABBQb38AhPlrAerGfrZVaaseY9B/BH1usPZa6SJA==</latexit>x1

<latexit sha1_base64="7W6IV/i+ffVBUHBnKAERczM7q4w=">AAAB7HicbZC7SgNBFIbPJl5ivEXFymYxEazCrkW0DNhYRnCTQBLC7ORsMmR2dpmZFcOSZ7CxUMTW9/AVLAQrH0Unl0ITfxj4+P9zmHOOH3OmtON8Wpnsyuraem4jv7m1vbNb2NuvqyiRFD0a8Ug2faKQM4GeZppjM5ZIQp9jwx9eTvLGLUrFInGjRzF2QtIXLGCUaGN5pbuuW+oWik7ZmcpeBncOxWr24/vt8Atr3cJ7uxfRJEShKSdKtVwn1p2USM0ox3G+nSiMCR2SPrYMChKi6qTTYcf2iXF6dhBJ84S2p+7vjpSESo1C31SGRA/UYjYx/8taiQ4uOikTcaJR0NlHQcJtHdmTze0ek0g1HxkgVDIzq00HRBKqzX3y5gju4srLUD8ru5Vy5dotVh2YKQdHcAyn4MI5VOEKauABBQb38AhPlrAerGfrZVaaseY9B/BH1usPZa6SJA==</latexit>x1

Figure 1: An example circuit with inputs x1, x2, x3. You should verify that the assignment
x1 = 1, x2 = 0, x3 = 1 causes K to have the output 1.

Once we have the notion of a circuit, we can define:

Definition 6. We say that a circuit K is satisfiable if we can find inputs to our circuit that make
the output 1. An assignment that results in 1 is called a satisfying assignment.

This gives us our first NP-complete problem:

Definition 7. (Circuit-SAT) Given a circuit K, decide if K has a satisfying assignment.

To show that Circuit-SAT is NP-complete, we need to show that Circuit-SAT ∈ NP , and that
for any problem X ∈ NP , X ≤P Circuit-SAT. When you think about what a circuit is, this maybe
doesn’t seem so daunting: a circuit is basically made up of a bunch of logic gates connected by
wires, which is exactly the sort of thing that a general-purpose computer is made out of. Following
this intuition, we can sketch the proof for the following theorem, famous enough to be named:

Theorem 7. (Cook-Levin) Circuit-SAT is NP-Complete.
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Proof. Again, this is only the sketch:

1. Any algorithm that takes n bits as input and outputs either 0 or 1 can be encoded as a circuit.
We can convert an algorithm A for a decision problem into a circuit by having the circuit
output 1 exactly when the algorithm outputs yes.

2. If A takes polynomial time, you can show that the corresponding circuit has polynomial size.

3. Given an arbitrary problem X ∈ NP , we want to show that X ≤P Circuit-SAT. What do we
know about X? We know that X must have an efficient verifier B. To determine if s ∈ X for
input s with |s| = n, we need to answer the question: is there a t with |t| = p(|s|) such that
B(s, t) = yes? We’ll try to use Circuit-SAT to solve this particular membership problem.

4. Remember we have a black box for Circuit-SAT, and the desired reduction exists if we can
solve X with a polynomial number of steps plus a polynomial number of calls to the Circuit-
SAT black box.

5. Think of B as an algorithm that takes n+ p(n) bits of input and outputs a 0 or 1.

6. Convert this to a polynomial-sized circuit K on n+ p(n) bits:

• n sources for K hard-coded with the bits representing s, and

• p(n) sources with bits of t. These are the inputs to K.

7. Note that s ∈ X if and only if we can set input bits to K so that K produces an output of 1.
That is, if and only if K is satisfiable.

This gives us a polynomial-time reduction from X to Circuit-SAT.

(Aside: At this point it’s worth noting that there are at least 2 notions of reduction that this
presentation is not being careful to distinguish: In a many-one reduction we transform an instance
of X to an instance of Y and then solve Y . In a turing reduction we are able to make arbitrary calls
to our “black box.” We defined reduction in terms of a black box but only use that box to give us a
many-one reduction in the proof. This is good because the standard definition of NP-completeness
uses many-one reduction.)

5 Example Reductions

We are going to end by considering a few problems in NP, and show that they are NP-complete.
We won’t go into all of the details, but this will give you a sense of what goes on in this kind of
work.

5.1 3-SAT

Instead of working with Circuit-SAT we’re going to consider a related problem. First some defini-
tions:

Definition 8. A literal is either a boolean variable or the negation of a boolean variable. We call
variables positive literals and negated variables negative literals.
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We want to consider logical formulas that are very structured. There are many ways to do this,
called normal forms, but the one we’ll focus on uses conjunction and disjunction in a certain way:

Definition 9. A clause is a disjunction of literals.

Definition 10. A formula is in conjunctive normal form (CNF) if it is a conjunction of clauses.

As an example, consider

ϕ = (x1 ∨ ¬x2 ∨ x3) ∧ (¬x1 ∨ x2 ∨ x3).

This is a CNF formula with 2 clauses each having 3 variables. Note that if we set x1 = x2 = x3 = 1
here then we can make ϕ = 1. As in Circuit-SAT, an assignment of values to variables that makes
a formula 1 is called a satisfying assignment.

The satisfiability problem is, given a formula ϕ, does ϕ have a satisfying assignment?
It turns out this is not enough structure, and in any case any formula in propositional logic

can be converted to a formula in conjunctive normal form using simple logical equivalences. So we
focus on variants of the problem that are in CNF form.

Definition 11. In the k-SAT problem, the formula ϕ is a CNF formula in which each clause has
k literals. The problem is to determine if ϕ has a satisfying assignment.

There are two cases of particular interest. The first is because it is easy:

Theorem 8. 2-SAT ∈ P .

And the second because it is hard:

Theorem 9. 3-SAT is NP-complete.

Proof. Circuit-SAT ≤P 3-SAT. We won’t show it, but it is possible to reduce from Circuit-SAT to
3-SAT by converting the logic gates of the circuit to CNF clauses in a well-defined way.

5.2 Subset Sum

This is a very different looking problem:

Definition 12. An instance of SubsetSum consists of numbers a1, . . . , an and a target T and asks
if there is a subset of the ais that adds up to T .

Theorem 10. SubsetSum is NP-complete.

Proof. First, SubsetSum ∈ NP . Intuitively, given an instance of SubsetSum and a candidate
solution, we can add the numbers in linear time and verify that they add up to the target.

The harder part is to show that all problems in NP reduce to SubsetSum. We’ll use the NP-
completeness of 3-SAT. Given an instance of 3-SAT, we need to construct an instance of SubsetSum.
If our 3-SAT instance has n variables and m clauses, we’ll construct numbers ak as follows: Each
ak will have n+m decimal digits. The first n digits will correspond to the variables of our problem
and the last m digits will correspond to the clauses. For each variable xl in the 3-SAT problem,
we’ll create two numbers: vtl and vfl . Here’s how we define them:
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• vtl has a 1 in the l-th digit and 0 in the other of the first n digits. For the last m digits it has
a 1 in place corresponding to a clause where xl appears and 0 elsewhere.

• vfl has a 1 in the l-th digit and 0 in the other of the first n digits. For the last m digits it has
a 1 in place corresponding to a clause where ¬xl appears and 0 elsewhere.

For each clause j we also add two slack variables, having a 1 in position n + j and 2 in position
n+ j, with 0 elsewhere. The target for our problem will have the form n 1’s followed by m 4’s.

How does this encode an instance of 3-SAT? The 1’s in the target force each boolean variable
to get a value of either 0 or 1. The 4’s force each clause to get at least one variable having a value
that satisfies the clause: if no variable in the assignment causes a clause to be satisfied, then 4 is
unreachable. If 1 variable causes the clause to be satisfied, we can add both slack variables to reach
4. If 2 variables cause the clause to be satisfied we can add the slack variable with 2, and so on. This
is a polynomial-time construction showing that we can convert an instance of 3-SAT to an instance
of SubsetSum, giving the required reduction and showing that SubsetSum is NP-Complete.

To get more intuition for this construction, let’s consider the example from above:

ϕ = (x1 ∨ ¬x2 ∨ x3) ∧ (¬x1 ∨ x2 ∨ x3).

Let’s build the corresponding SubsetSum problem instance. We have a 3-SAT instance with 3
variables and 2 clauses, so our SubsetSum problem will have 5 digit numbers. We’ll build our
numbers first:

vt1 (1,0,0,1,0) = 10010

vf1 (1,0,0,0,1) = 10001
vt2 (0,1,0,0,1) = 1001

vf2 (0,1,0,1,0) = 1010
vt3 (0,0,1,1,1) = 111

vf3 (0,0,1,0,0) = 100
s1,1 (0,0,0,1,0) = 10
s1,2 (0,0,0,2,0) = 20
s2,1 (0,0,0,0,1) = 1
s2,2 (0,0,0,0,2) = 2

This just leaves our target value, which has as digits three 1’s followed by 2 4’s: 11144.
This is our subset sum problem. A satisfying instance of the 3-SAT problem is x1 = x2 = T ,

and x3 = F . This corresponds to the initial sum:

vt1 + vt2 + vf3 = 11111,

to which we can add slack variables to get our target 11144:

vt1 + vt2 + vf3 + s1,1 + s1,2 + s2,1 + s2,2 = 11144.
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5.3 Knapsack

We’ve already seen Knapsack. Recall that an instance of knapsack has a set of n items with weights
wi and values vi, and a knapsack capacity C. In its optimization form, the goal of Knapsack is to
find the subset S of items that maximizes

∑
i∈S vi and has

∑
i∈S wi ≤ C. The decision problem

version add a parameter V and asks if there is a feasible subset S with
∑

i∈S vi ≥ V .
As promised earlier in the semester, Knapsack is hard:

Theorem 11. Knapsack is NP-complete.

Proof. Reduction from SubsetSum. Given an instance of SubsetSum with numbers a1, . . . , an and
target T , construct an instance of Knapsack with n items, where vi = wi = ai, and C = V = T .
Then in the knapsack problem a solution S will have both

∑
i∈S vi =

∑
i∈S ai ≥ T and

∑
i∈S wi =∑

i∈S ai ≤ T . This means that
∑

i∈S ai = T , giving us a subset with the desired sum.
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